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Abstract

A high-level overview of a number of papers addressing portfolio selection problems via opti-
mal stochastic control with a focus on habit formation and minimum consumption constraints.

Lifetime Portfolio Selection Under Uncertainty: The Continuous-Time Case -
Merton (1969)

This paper is one of the seminal works addressing the investment-consumption problem
faced by an individual investor. Subsequent papers mostly deal with variations of the main
problem considered here: to determine the optimal portfolio selection and consumption rules
through time for an individual that can invest in two assets; one risky and the other riskless.

Merton begins by deriving the budget equation describing how wealth changes as a function
of investment and consumption. He does so by considering the change in wealth, W, over a
small time interval, [t,t + h], given by:

Wi+ ) = | S uw ) - e

Li=1 Xi(t)

= Zwi(t)(egi(t)h - 1)] [W(t) = C)h] = C(t)h (1)

where X; and w; are the price of asset 7 and the proportion of wealth invested in that asset,
respectively, and C' is the consumption per unit time. The continuously compounded rate of
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return, g;(t)h, is assumed to be normally distributed with mean (a; — 0?/2)h and variance
%O’?h. In the two-asset model, one asset is assumed to have a rate of return g(t) with positive
variance (risky asset) and the other is assumed to have to have a constant return r with zero
variance (riskless asset). Taking the limit as h — 0 in this two-asset case yields the stochastic
differential equation for the budget equation:

AW = [(w(t)(a — 1) + )W (t) — C(t)] dt + w(t)oW (t)dZ(t) 2)

where Z(t) is an arithmetic Brownian motion.

Next, the optimal allocation and consumption problem is formulated:

max By [ /0 L e PU(C)dt + BOV(T), T)] (3)

where U is a strictly concave utility function, B(W(T),T) is a bequest function, and p is a
discount factor which can be thought of as a measure of “impatience”. To derive the optimal
controls, first the value function is defined as follows:

I(W(t),t) = wg;%)%s) E, {/t e "U(C(s))ds + B(W(T),T)] (4)

Using Taylor’s theorem and the mean value theorem on the preceding equation and taking
the limit as h — 0, Merton arrives at the equation of optimality:

0= max ¢(w, C5 W, 1) (5)

2 oW?
Combining the first-order conditions for the interior maximization problem with the condi-

where ¢ = [e_th(C(t)) + % + aa_V{/ (w(t)(a—7r)+r)W(t)—C(t)) + 3 &1 02w2(t)W2(t)] .

tion given by the equation above, we have the optimality conditions as a set of two algebraic
equations and one PDE to be solved for w*(t), C*(t), and I(W (¢),1):

P(w*, C*;Wit) =0

po(w*,C*;Wt) =0

Pu(w*, C*Wt) =0
subject to I[(W(T),T)) = B(W(T),T)

—
D
o

~—~ ~~
=) =)
Q. o
N N N N

The paper provides solutions for optimal consumption and allocation assuming constant
relative risk aversion, i.e. U(C) = %,’y < land U(C) = log(C),y = 0, where 1 — 7 is the
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measure of risk aversion. In this case, the optimal control is given by:

C*(t) = [v/ (1 + (ve — 1)e"" )] W(t) for v #0 (Ta)
=1/(T —t+e)W(t) for v=0 (7b)
. a—r
w (t) = m (7C>
= <ﬁ72§“?1’i) +7")
where v = — and the assumed bequest function is a proxy for the “no-

bequest” condition: B(W(T),T) = ' 7e *"TW(T)"/~.

A few observations on these results:

e The optimal allocation to the risky asset is a constant, independent of time, wealth,
horizon and the consumption decision. This allocation increases as the growth rate a
increases, and decreases with volatility, risk-free rate and risk aversion.

e Since there is no utility associated with wealth past the horizon T', the optimal solution
forces W(t) - 0ast —T.

e In the special case, v = 0 the consumption decision is independent of the financial
parameters and depends only on level of wealth.

If we assume a constant absolute risk aversion utility function, i.e. U(C) = —e "%/n,
where 7 > 0 is the measure of risk aversion, we find the following optimal decision rules:

p—r+(a—r)?/20?

C*(t) =rW(t) + o (8a)
w*(t) = Wz—_w(t) (8b)

The paper also considers the infinite horizon problem by defining a new value function,
J(W(t),t) = J(W) = el I(W(t),t) that has no explicit dependence on time. By substituting
this into the optimality equation (5), we have the new optimality condition:

0= max UC) —pJ +J W) ((wt)(a—71)+r)W —=C) + %J”(W)aQwQWQ (9)

Subject to the boundary condition tlim B(W(T),T) = 0, and assuming constant relative
—00



risk aversion we obtain the optimal rules:

0= |25 - (i o) o a0
(10D)

The paper also uses employs techniques from comparative statics to examine the effect of
changes to the financial parameters on consumption behavior. Finally, the multiple asset case
and some potential extensions to the model are given.



Optimum Consumption and Portfolio Rules in a Continuous-Time Model - Mer-
ton (1971)

This paper expands on the work of Merton’s 1969 paper by approaching the stochastic
control problem with more rigor (applying the HJB equation to derive optimal rules rather
than using Taylor expansions) and extending the model in several ways, including:

additions to wealth other than capital gains, e.g. (possibly stochastic) wages;

making the “risk-free” asset defaultable;

considering the possibility of the investor’s death at a random time;

using alternatives to geometric Brownian motion for modeling asset price behavior.

Another important contribution in this paper is the formulation of a “separation” or “mutual
fund” theorem. It shows that when prices are assumed to be lognormal, one can simplify the
allocation problem by considering just two assets (one risky and the other risk-free) without
loss of generality.

Deriving the budget equation is done in a similar manner to the one described in the 1969
paper. The discrete-time behavior of wealth, W (t), and consumption, C(t), is considered over
a small time interval of length h. Wealth changes as the value of the N;(t) shares held changes
according to the new prices, and consumption is based on the number of shares sold over the
interval:

W(t+h)= ZN Py(t + h); C(t+ h)h = Z Wt 4+ h) — N;(1)] Pi(t)

Then the limit is taken to obtain the continuous-time formulation of these processes, Ito’s
lemma is applied and, after identifying additions to wealth from sources other than capital
gains dy, the budget equation is given (assuming one risk-free asset with o; = r and o; = 0):

dW = Z wi(a; — r)Wdt — (rW — C)dt + dy + Z w;Wodz; (1)

where w;(t) = N;(t)P;(t)/W (t) and prices are assumed to follow Ito processes of the form:
dpb;
P,

= o;(P,t)dt + o;(P, t)dz; ; z(t) is a multidimensional Wiener process (2)

The optimal allocation and consumption problem is similar to the 1969 paper:

w,

max K { /0 ' U(C(t),t)dt + B(W(T),T) (3)



where the utility function U is strictly concave in C, and the bequest function B is concave
in W. The value function is then defined as:

J(W,P,t) = max E, [/t U(C(s),s)ds+ B(W(T),T) (4)

and optimality is then defined by the HJB equation:

0 =max ¢(w",C*; W, P,1) (5)

where ¢(w, C; W, P,t) = U(C,t)+ L[J], and L[J] is the infinitesimal generator of the process
J. Defining the Lagrangian L = ¢ + A(1 — >, w;) to force the sum of weights to equal 1,
we have the following set of first-order conditions:

(0 = Lc(w*, C*) = Uc(c*,t) — JW

0= Ly, (w*,C*) = =X+ JworW + Jww Y orw;W? + > Jjwor PW;

Jj=1 Jj=1

0= Ly(w",C*)=1- Zw:‘

\ =1

Solutions for optimal consumption and allocation are then obtained by solving the system of
n + 2 equations above for C*, w* and A as functions of Jw, Jww, Jyw, W, P, and t. These
are then substituted back into the HJB equation above and the second-order PDE needs to
be solved for J along with the boundary condition J(W, P,T) = B(W,T'). Explicit solutions
are given for the case where the utility function is a member of the hyperbolic absolute risk
aversion (HARA) family of the form:

U(C,t)=e " 1;7 <15—ny + 77) (7)

This is a rich family that includes isoelastic, exponential and quadratic utility functions.
The paper goes on to show that the HARA family is the only class of concave utility functions
which imply linear solutions for optimal consumption and allocation.

Incorporating certain wages (or other forms of noncaptial gains income) is straightforward.
If the deterministic income flow is given by dy = Y (t)dt, the optimality equation is:

0 = max [V(é, £) + L:[J]} (8)
w,C
where V(C,t) = U(C(t) + Y (t),t)) and consumption is redefined as consumption in excess of
wage. Optimal decision rules are given for this case when the underlying utility function is
assumed to be a member of the HARA family.



The case of stochastic wages is modeled using a Poisson process by assuming dY = edq,
where dq is a Poisson process with parameter A and jumps of size 1, so that wage increases
by a constant amount ¢ at random points in time. Two other ways in which Poisson pro-
cesses are utilized in the investment-consumption problem include allowing the riskless as-
set to default by defining dP = rdt — Pdq, and allowing the investor to die at a random
point in time, 7, defined by the Poisson process, so that the optimality criterion becomes:
max Eo [ [; U(C(t),t)dt + B(W(7),7)]. In all of these cases, the budget equation and/or
the HJB optimality equation need to be adjusted by taking into account the change to the
infinitesimal generator of the underlying processes to incorporate the Poisson process and the
mean jump size appropriately.

Finally, the paper considers alternative asset price dynamics, including one that assumes
mean-reverting prices with a long-term trend towards an asymptotic “normal price”:

g — 86+ vt — log(P(t)/P(0))] dt + od= (9)

and one where prices follow a GBM but the growth rate « follows a mean-reverting process:
do = B(p — a)dt + dodz (10)

The process of solving for optimal rules assuming these models is similar to that of the original
GBM model. Solutions are presented for these two models in the two-asset case with infinite
time horizon and a constant absolute risk-aversion utility function.



Portfolio Selection with Transaction Costs - Magill and Constantinides (1976)

This paper addresses the assumption of costless trading in the original Merton problem
by incorporating transaction costs into the model. When transactions are introduced the in-
vestor only trades when the portfolio weights go outside a certain region around the optimal
portfolio weights given by the Merton solution.

The usual assumptions are made: an investor with horizon 7" and known income, y(t),
can invest in a riskless asset with retun r and m risky assets whose prices, p;(t), follow a
GBM: dp;(t) = a;p;(t)dt + p;(t)dz;(t), where z(t) is a multidimensional Brownian motion with
instantaneous covariance matrix X. Denoting the number of securities held by x;(¢), then the
value of holdings in each security is given by s;(t) = x;(¢)p;(t). Applying Ito’s lemma on this
equation gives:

dsi(t) = (ays;(t) + vi(t))dt + s;(t)dz;(t) (1)
where v;(t) = dx;(t)p;(t) is the value of securities purchased (resp. sold) if v; is positive
(resp. negative). Transaction costs enter the problem at this point, as they are assumed to
be proportional to the value of each transaction, that is:

i Vi > 0 )
T(vy,...,v ZXWU“ where X and 0 < x', ;<1 (2)
—Xi v; <0

It is further assumed that transaction costs, along with income and consumption expenditure,
are financed from the riskless asset, which implies:

dso(t) = [rso(t) +y(t i 1+ xu,)0i( ] dt (3)

The paper proceeds to consider the dynamics s; as the limit of equations as ¢ — 07 (in order
to use the usual stochastic control techniques to solve the problem):

ds;(t) = (a;si(t) + v (t))dt + (s;(t) + ev;(t))dz;(t) (4)

Assuming the investor wishes to maximize discounted utility gives the usual value function:

W(s,t) =E, { /t ' ef’“t)u(c)dT} (5)

which satisfies the HJB equation:

0 = max {u(c) + Z Wilays; + v;) + Wy (rso(t) +y—c— Z(l + Xm)”i)

v,C
i=1 i=1

—_

- Z ii(si + evi)(sj + evj)oy; — pW + Wt} (6)
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If we assume further a utility function with decreasing absolute risk aversion of the form
u(c, t) = e~Pti=1 (167077 + 7(t)> =e (1 - 77)1*”5—:(0 — ¢(7))", where ¢é(t) = —7(75)1%7, we find

] (7)

that the optimal v* is:
where D = diag ({M}m ) . Y() = [Ty(n)e T 0dr, Ct) = [ é(r)e " 0dr,
i=1

v* =

|

1
€

p.Tlla=rn) (fzmw@_@(t)) _
1+Xw;

1—ny 1—e€(la;—1)
n=(1,...,1)and § = (s1,...,S,). Note that £* = %;m) is the vector of optimal portfolio

weights in the original Merton problem (when there are no transaction costs).

The analysis proceeds by dividing v* by the individual’s effective wealth, which is given
by w(t) = 2" si(t) + Y (t) + C(t). Letting the portfolio weights be denoted by & = (s;/w)™,
and considering the limit as e — 07, the paper derives the signal functions which signal how
and when to trade securities:

i=1

i#]
Notice that when transaction costs are zero, v} (£,0) = 5? —¢;, so that portfolio proportions
are adjusted from & to £° at each instant, and we return to the Merton solution.

From these signal functions, the paper proceeds to establish some important results:

When the optimal Merton solution weights are sufficiently small, i.e. |§§)| < It

e The investor will maintain their portfolio proportions, &, within a neighborhood of the
Merton portfolio, £9, defined by:

§ &
L+x7" 1=y

0 0 .
5 5 } if& <0forj=1,....,m.

if & d
} it & > 0, an L—ijl‘f‘X]

e Trading only occurs when the actual allocations are outside of this region, and they are
brought backto the region’s boundary.

e The transaction policy for asset ¢ is independent of the portfolio proportions and trans-
action rates of the other assets.

e The overall policy is independent of wealth level and remaining horizon.

9



e [t can be shown that the investor trades each security at randomly spaced instants of
time, and that the average frequency of trading in a security decreases as the transaction

cost for that security increases.

More generally, it can still be claimed that there exists a region to which the investor’s
portfolio proportions are confined. However, the nature of this region is not defined.

With regards to consumption it is shown that consumption depends on the prevailing

portfolio as well as the current level of wealth and remaining horizon.
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Portfolio Selection with Transaction Costs - Davis and Norman (1990)

This paper is mostly inspired by the work of Magill and Constantinides (1976) which at-
tempts to incorporate transaction costs in the original Merton problem. Although the authors
agree with the main findings of that paper regarding the existence of a no-transaction region
about the Merton portfolio, they comment that the argument used in the previous paper
is heuristic and does not address the location of those boundaries, nor what the controlled
process does upon reaching them.

The assumptions are mostly the same:

e The opportunity set is composed of a riskless asset with return r and a stock whose
price follows a GBM with parameters a, o2

e The investor an infinite horizon and has HARA (hyperbolic absolute risk aversion)
utility, i.e. u(c) =c"/v,(0 <~y < 1).

e Transaction costs are assumed to be proportional to transaction amount; that is, a
purchase (resp. sale) of dL (resp. dU) units of stock requires a payment of (1 + A\)dL
(resp. (1 — p)dU) from the bank account.

Denoting by Ly, Uy the cumulative purchase and sale of stock in the interval [0,¢], and
given an initial bank and stock endowment of s43(0) = z, s1(0) = y, the evolution of bank and
stock holdings are given by:

dso(t) = [rso(t) —c(t)| dt + (1 + N)dL, + (1 — p)dU, (1)
dsi(t) = asi(t)dt + os1(t)dz(t) + dLy — dU; (2)

The investor’s objective is to maximize discounted utility of consumption:

Joy(e: L, U) = max B, , [ / 6_%(0(75))61?5} (3)
C, ] 0
which allows us to define the value function as:
v(x,y)(c, L,U) = sup Jp,(c, L,U) (4)
c,L,U

Note that this function is concave and homothetic (i.e. v(pz, py) = p'v(z,y)).

The HJB equation is then:

_ [ 17
O_Tzai{ —07y vyy—l—rxvx%—ayvy—F;c — CUx+

[=(L+ Mve + 0] L+ [(1 = p)ve — vy u = v ()
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which yields the maxima:

¢ = (v,)Y/O (6)
- {/i if v, > (14 Nv, (1)
if v, < (14 ANy,
if v, > (1—p)v,
u = 8
{li if v, < (1 —p)v, ®)

We can see that buying and selling either occur at the maximum rate, s, or not at all - so
we end up with three regions: “buy” (B), “sell” (S) and “no transaction” (NT). The interest
now is in the shape of these boundaries. The paper uses the homothetic property of the value
function (which holds in the limit as kK — o0), to show that these boundaries are straight
lines that go through the origin in the (sq,s;) plane. These two lines form the wedge that
contains the “Merton line” sy = [7*/(1 — 7*)]so which reflects the constant fractions of total
wealth invested in the two assets given by the original Merton solution.

Putting all this information together we find that in the transaction regions, transactions
occur instantaneously to return to the boundary of NT. In the NT, since optimal consumption
is given by ¢ = (v,)"/0~Y and the value function satisfies the HJB equation with [ = u = 0,
we can rewrite the equation:

1 1
0 = max 502yzvyy + (re — c)v, + ayv, + = — cv, — v
¢ Y

1 1-—
0= 502y2vyy + rev, + ayvy, + Tfy(vx)ww_l) — v (9)

12



Labor Supply Flexibility and Portfolio Choice in a Life Cycle Model - Bodie et al.
(1992)

This paper attempts to incorporate aspects of an individual’s labor decisions into the
original investment-consumption problem when there is a finite time horizon. This includes
deciding on the leisure-labor split either at each point in time (flexible labor supply) or at the
outset (fixed labor supply) while taking into consideration current and future wages (which
may be stochastic).

The paper assumes an individual with a finite investment horizon of length 7" who can
allocate a proportion of their financial wealth, Z, to one riskless asset with a certain return, r,
and/or a risky asset whose price, P(t), follows a GBM. Moreover, the individual earns wages,
w(t), that also follow a GBM and are assumed to be perfectly correlated with the risky asset,
but less volatile:

P
d?:adt—l—adz; d—w:gdt—i—k(jdz, 0<k<1 (1)
w

Another assumption is that the individual’s total wealth, W (¢), is the sum of financial
wealth, F'(t), and human capital, H(t). The latter represents the present value of future la-
bor income, which is viewed as a non-traded asset and valued as if it were a traded asset. If we
assume no stochasticity, the value of future wages is determined by discounting the cash flows
at the risk-free rate: H(t) = w(t)(1—e "=9T=D)/(r — g). In the case of stochastic wages, we
use a method analogous to the general dynamic hedging argument used to price contingent
claims, which gives: H(w(t),t) = (w(t)/p) (1 — e 7)), where p = r + k(e — r) — g. Fur-
thermore it can be shown that human capital is economically equivalent to investing kH in
the risky asset and (1 — k)H in the risk-free asset. In other words, having risky future wages
can be thought of as having an implicit investment in the risky asset.

As in the original problem, the individual must determine their level of consumption,
C'(t), but now they must also determine the quantity of labor they will supply, h(t), and by
extension they amount of leisure they will consume, L(t) = 1 — h(t). Thus, the labor income
earned becomes w(t)(1 — L(t)). The dynamic budget equation is given by:

dW = [(z(a —71) +7r)W — C —wlL]dt + cxWdz; W(0) = F(0) + H(0) (2)

where x is the fraction of total (financial and human capital) wealth invested in the risky
asset. The objective now is to maximize discounted lifetime expected utility, which depends
on both consumption and leisure:

z,C,L

max [E, { /0 ' e u(C(s), L(s))ds (3)

13



The following table summarizes the process of finding the optimal decision rules in the
flexible and fixed labor supply cases, when wages are assumed to be nonstochastic:

Flexible labor supply

Fixed labor supply

J(W,w,t) (W1, L)
Value function R T
= max E, / e " u(C(s), L(s))ds = max E, / e u(C(s), L)ds
z,C, t z, t

HJB equation

0 =max {u(C’, L)e™%

z,C,

+Jw (e —71)+7)W = C —wL]

1
+ Ji + Jpgw + 2$2W20‘2JWW:|

0 =max {u(C, L)e
+Iw [(z(a—7r)+7)W —C —wl]

1
+ I + I,gw + 2.%'2W20’21WW:|

First order conditions

0 = uc(C*(t), L*(t))e™" — Jw
0 = up(C* (1), L*(t))e " — w.yy
0=Jw(a—r)+ o W Jww

0=uc(C'(t),L)e % — Iy
0=Iw(a—r)+2'c*Wiyw

Optimal decision rules

ur/uc = w
oW == (Jw/Jww) [(a — 7’)/02}

L' = argmax I(W(0),0,L)
?W =—(Iw/Iww) [(a - 7")/‘72]

The difference between the two cases is that in the flexible labor supply case leisure con-
sumption is determined continuously, while it is determined at the outset in the fixed supply
setting, i.e. L(t) = L. Furthermore, in the fixed labor supply case the value of human capital

is determined by: H(t) = [(1 — L)w(t)] (1 — e""=9T=0) /(r — g).

Assuming stochastic wages changes the HJB equation to:

0 = max [u(C, L)e™ " + Jy [(x(ac — ) + )W — C — wL]

z,C,L

1 1
+ Ji + Jugw + §x2W202JWW + Jwwrwka®W + §k2w202wa (4)

which yields the optimal portfolio allocations:

ZB*W = — (Jw/wa) [(Oé — 7")/0'2} — (wa/wa) k‘w
CL’/W = — (Iw/lww) [(Oz - 7")/0’2} - (IWw/]WW) kw

for the flexible and fixed labor supply cases, respectively.

The final step is to translate the optimal decisions in terms of dollars invested in the risky

asset, (D*(t),D'(t)) and proportion of financial wealth, (Z*(t),

14

#'(t)) invested in the risky




asset. These are given by:

D*(t) = 2*W(t) — kH(w(t),t) = 2" F + (2" — k)H(w(t),t) (7)
T*(t)=D*(t)/F(t) =2"+ (2" — k)H/F (8)
i'(t) =D'(t)/F(t) =2'+ («' — k) (1 - L')H/F 9)

By using various utility functions, the following stylized facts can be observed:

e The individual exhibits more conservative behavior as they approach retirement.
e Labor flexibility causes an individual to take greater risks in their financial investments.

e There is an inverse relationship between the level of risk of an individual’s human capital,
and the level of risk they chose to take on financially.

e Flexibility in labor supply is more important in the portfolio decision of individuals with
a longer time horizon.

15



Theory of Constant Proportion Portfolio Insurance - Black and Perold (1992)

Constant proportion portfolio insurance (CPPI) is a portfolio insurance strategy that de-
fines a cushion as the difference between wealth and a specified floor, then uses leverage to
invest a constant multiple of the cushion of risky assets (up to a borrowing limit). Like other
portfolio insurance strategies, CPPI is based on taking a higher (resp. lower) level of risk
when the current level of wealth is higher (resp. lower), and is suitable for investors that
require downside protection while maintaining their upside potential. But unlike other port-
folio insurance strategies it is based on the more complex approach of option replication.

The model assumes a reserve asset, R(t), and an active asset, A(t), whose values follow
GBM processes with means 4, ug and standard deviations o,, cg and instantaneous covari-
ance o4 . Transaction costs are assumed to be proportional to the size of trades, and a
discretization is employed to allow for these transaction costs. Furthermore we define:

o W (t), wealth at time ¢;
e [(t), portfolio floor - the value of a fixed number of shares of the reserve asset;

o C(t) =W(t) — F(t), the cushion (wealth in excess of the floor);

e E(t) = min(m - C(t),b- W(t)), the exposure (the investment in the active asset). The
CPPI rule calls for holding the exposure at a constant multiple, m, of the cushion. When
there is a borrowing limit, the exposure is capped by the maximum leverage ratio, b,
where 1 < b < m. It is assumed, without loss in generality, that b = 1;

e S(t) = A(t)/R(t), the index ratio. This quantity comes about when the reserve asset
is made to be the numeriaire by dividing dollar quantities by R(¢)/R(0), which makes
the value of the reserve asset and the floor constant. The index ratio increases (resp.
decreases) when the active asset outperforms (resp. underperforms) the reserve aseet.
By using Ito’s lemma, the index ratio is shown to follow a GBM with parameters
ps = pia — g+ oh(1 — B) and 0% = 03 + 0%(1 — ) where 8 = o4 /0% is the bond
beta of the active asset.

The first step is to establish the behavior of the cushion through time when the strategy
is implemented. The strategy is based on rebalancing (resetting) the exposure to m times the
cushion whenever E and m - C differ by some minimum amount. Rebalancing can be tied
back to moves in the index ratio by noting that the fractional change in the index ratio is ¢§
if and only if there is a fractional change of §, mdé or —(m — 1)6/(1 +md) in E,C or E/C,
respectively. When the index ratio increases E/C falls below m, which requires purchases of

16



the active asset and sales of the reserve - the converse is true when the index ratio falls. In
other words, money is shifted towards the better-performing asset.

In particular, rebalancing occurs if there is a fractional up-move, u, or down-move, d, in
the index ratio, where (1 + u)(1 — d) = 1. A reversal (a pair of up- and down-moves) in the
index ratio affects the cushion by a factor of a = (1 4+ mu)(1 —md) < 1. The term 1 — «
represents the “volatility cost” or the fraction by which the cushion falls for each reversal in
the index ratio. Trading takes places after each up- and down-move in the index ratio, so the
number of moves equals the number of trades. So we can write:

S = Sp(1 +u)(1—dy (1)
C = So(1 +mu)' (1 —md)’ (2)

where 7, 7 are the number of up- and down-moves, respectively, and ¢ + 7 = n. If assume that
we are far from the borrowing limit and there are no transaction costs, and that the index
ratio has continuous sample paths, the second equation can be rewritten as:

C=Cy-az"(S/S,) (3)

where o = £ In[(1 + mu)/(1 — md)]/In(1 + ). This shows that the cushion depends only on
the final level of the index ratio and the number of trades during the interval. Furthermore,
as u — 0, C(t) — Co-exp[—5(m* —m)o?t]- (S(t)/So)™ with probability one. It is then shown
that when we consider the borrowing limit, that (a) when the limit is in effect the portfolio
is in a buy-and-hold state and the cushion grows linearly (as opposed to geometrically) in S,
and (b) the only effect of being temporarily at the borrowing limit is to reduce volatility cost.
When transaction costs are added into the mix it can be shown that (a) sufficiently small
transaction costs do not alter the basic form of the cushion, and (b) the cushion behaves as
though rebalancing were occurring after a smaller up move, @, and a larger down-move, d -
thus, transaction costs appear as an increase in volatility cost.

The paper then proceeds to show some other results of note, namely:

e As the multiple becomes large, i.e. m — 0o, the payoff under CPPI approaches that of
a stop-loss strategy, whether we assume discrete rebalancing or continuous, frictionless
rebalancing.

e Assuming continuous rebalancing and a multiple m, the expected wealth at t when
initial wealth is W (denoted by G(W,t)) satisfies the PDE:

1
50'2E2GWW + uEGwy — Gy =0 (4)
with boundary conditions Gy (0o, t) = exp(ut), G(F,t) = F and G(W,0) = W, where

E=EW)=min{W,m(W — F)}.
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e CPPI is equivalent to investing in perpetual American options. If the paramters m, d, o
are such that d = %(m — 1)o?, then the behavior of the cushion under CPPI can be
replicated by purchasing F'/K perpetual American call options on the active asset,
where the floor F' and the strike price K satisfy:

F L/m m—1

F=lm—owm—npl ™ w

()

and the call is exercised upon reaching the borrowing limit. Additionally, if wealth level
reaches a point where the borrowing limit is no longer binding, F'/K’ new calls must
be purchased with strike price K’ = Ke™%" where 7 is the time spent at the borrowing
limit.

e CPPI is optimal for a piecewise-HARA utility function with a minimum consumption
constraint. That is, it is the optimal potfolio allocation decision for a utility maximiza-
tion problem of the form:

max Eo l /0 N eth(C(t))dt} (6)

A=A (1= N), for ¢ > ¢*

subject to ¢(t) > cmin, where U(c) = .
Ulc*)—(¢*—c)-U'(c*), forc<c*
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Survival and Growth with a Liability: Optimal Portfolio Strategies in Continuous
Time - Browne (1997)

This paper considers the problem of an investor that can invest in a riskless asset with
return 7 and a risky asset whose price, P, follows a GBM process with parameters p, 0? and
faces a constant liability, i.e. is forced to withdraw funds at a given rate per unit time, c. An
example of such an investor would be a pension fund manager. The manager must decide on
the optimal amount to be invested in the risky stock, f;. This gives the wealth dynamics:

dx{ = |rX{ + fip—r) —c| dt + frodW, M)

Note that, unlike the original Merton problem, consumption is constant and is not a
control variable. Black and Perold (1992) briefly consider a related problem, as they show that
CPPI strategies are the optimal solution for a specific utility-maximizing investor with infinite
horizon who is subject to a minimum consumption constraint. However, in that context
consumption was a control variable (that can vary through time) alongside the allocation
decision. Another difference is that in this paper the goals we are interested in are objective
(in the sense of being independent of a given utility function). These goals are:

e Survival, when wealth is in the so-called “danger-zone.” This objective can be for-
mulated either as maximizing the probability of reaching the complementary “safe-
region” before bankruptcy, or as minimizing the discounted penalty that is paid upon
bankruptcy.

e Growth, when wealth is in the “safe-region.” Once again, there are two formulations
for this objective: minimizing the expected time to reaching a given level of wealth, or
maximizing the expected discounted reward of achieving this level of wealth.

The problems considered in this paper are solved as special cases of a general optimal
control problem, of the following form: let 7/ = inf{t > 0 : X{ = 2z} denote the first hitting
time of the point z by the wealth process, and 7/ = min{TZf , 7/} denote the first escape time
from the interval (I,u), where [ < Xy < u. Then for given functions, g, h, A, define the cost
function:

- t ,
Vf([L‘) = ]Ex / g(th)ef Jo )\(Xsf)dsdt =+ h(Xff)e* Jo )\(Xéf)ds (2)
0

with value function and optimal control:

v(z) =supv!(z);  fi(x) = argsup v/ (z) (3)
! f
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The HJB equation in this problem is given by:
1
Sup{(f(u—r)+rc—x)vx+§f2021/m+g—)\u}—0 (4)
f
This gives the optimal control policy and the PDE that the value function satisfies:
* n—=r Vg
_ Tz 5
fo=- ("5 = o)
ve(x)
(re — c)va(x) — L 9(x) = AMz)v(z) =0 (6)

subject to v(l) = h(l),v(u) = h(u)

where v = % (%)2 The decision rule f} is verified to be optimal using the martingale opti-
mality principle, and the two survival and growth problems are solved by repeated application

of this main result.

Before solving the growth and survival problems, we need to define the safe-region and
danger-zone. Denoting the bankruptcy level by a, we can see that (¢/r,c0) is the safe-
region, because when wealth level exceeds ¢/r (the safe point), the investor can invest ¢/r =
c fooo e~"dt in a perpetual bond and pay off all future liabilities with no possibility of bankruptcy.
The region (a, ¢/r) is then the danger-zone, where there is a positive probability of bankruptcy.
It is the presence of the liability that leads to a positive probability of going bankrupt and
forces the investor to invest in the risky asset to avoid ruin.

The first survival objective in the danger-zone is to choose an investment policy to minimize
the probability of ruin, i.e. minimize P(r/ < 0o) or, equivalently, maximize P(r/ = o). To
this end, a related problem is solved: finding the optimal policy to maximize the probability
of hitting a point b before the bankruptcy point a, where a < Xy < b < ¢/r. By application
of the main result with [ = a,u = b,A = 0,9 = 0,h(b) = 1, h(a) = 0, the optimal policy and
value function are given by :

fole) = == (£ =) (7)
(c —ra)V/™ — (¢ — ra)V/™+!
(¢ —ra)y/r1 — (¢ — rb)y/r+1’
It should be noted that this result holds for b < ¢/r, and that 7, = oo a.s. under fy.
Intuitively, as wealth approaches the boundary of the safe-region, the investor becomes more

V(z:a,b) = fora<ax<b (8)

cautious and invests less in the risky asset. Therefore, an optimal policy for this survival
objective does not exist, as the safe point is unattainable. This necessitates the construction
of an e-optimal strategy, by modifying the fy; policy as follows:

fila) - {fé(@ for 2 < cfr &

K forx >c/r—9¢

9)
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i.e. adopting the optimal policy f; until wealth exceeds ¢/r — § and then investing r in
the risky stock until the safe-region is reached, where k is chosen so that the value function
corresponding to this control is within e of the optimal control’s value function.

The next problem in the danger-zone is minimizing the discounted penalty of bankruptcy.

A }, where )\ is the appropriate

This amounts to finding the policy that minimizes E, [e*
discount rate. This is solved by applying the main result with A(z) = X\,¢g = 0,h(a) = —1 to

obtain the following optimal control policy and value function:

f;(l’):%<g—x>, fora<az <c/r (10)
F(z) = <Z:Zz)n : fora <z <c¢/r (11)

where n* = - [(T+7—|—)\)+\/(7—|—/\—r)2+4r7]

Once we are in the safe-region, we consider the objective of growth towards a target

goal b > x > ¢/r. The first way to approach this problem is to minimize the expected

time to the goal, E, [be ] The solution is found by an application of the main result with

g(x) = =1,A =0, h(b) = 0 to obtain the following optimal policy and value function:

* H—=r c
fe(x) = 2 (x - ;) ; for ¢/r <x <b (12)
1 rb—c
= <
G(x) o In (rm — c) : for ¢/r <z <0 (13)

This policy recalls the CPPI approach as it invests a constant multiple of excess wealth over
the floor ¢/r in the risky stock, which makes the danger-zone inaccessible from above. The
amount ¢/r is invested in the safe asset and it is used to finance the withdrawals, then the
remainder of the wealth = — ¢/r is placed into the ordinary optimal growth portfolio.

An alternative is to maximize the discounted reward of achieving the goal, which is equiv-

alent to maximizing E, |:€_)‘T‘{ ] . Once again we apply the main result with u = b, \(z) = A >

0,9 = 0, h(b) = 1, which gives the following optimal policy and value function:

fi(zx) = ﬁ(m — ;) , for ¢/r <x < (14)
Ulx) = (:i:S)n : for ¢/r <z <b (15)

where n~ = 2—17“ [(7" +7+A) =y +A—1r)2+ 47”4. This optimal policy also invests a con-

stant proportion of the excess wealth above the ¢/r floor.
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The paper also extends these optimal control problems to the multiple asset case, as well
as considering a linear withdrawal rate of the form c¢(z) = ¢ + 0z, as opposed to a constant
withdrawal rate. The optimal control in this case amount to changing the safe point using an
adjusted risk-free rate: ¢/, where 7 = r — 0.
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Some Notes on the Dynamics and Optimal Control of Stochastic Pension Fund
Models in Continuous Time - Cairns (2000)

This paper discusses the use of stochastic modeling and optimal control techniques in the
context of pension funds. It assumes a risk-free asset, Ry, with deterministic return g and n
risky assets, {R;}_;, whose values follow a correlated GBM:

dRi(t)
R;

dRy(t)
Ry

Jj=1

where Z(t is an n-dimensional Brownian motion with instantaneous covariance matrix D =
SST S = (035)i ;=1 and we denote by \; = d; — dg be the risk premium for asset 4. If the fund
allocates p; to asset 7, the fund’s instantaneous rate of return is given by:

(1 - Zm) Sydt + ) piddi(t) = (5o + p" N)dt + p" SdZ (2)
1=1 i=1

Additionally, the fund receives contributions, ¢(t), and faces payable benefits, B, that
are assumed to be random and driven by another (independent) Brownian motion, Z, with
expected rate B and volatility o;,. Putting this information together, we find that the fund
size X (t) behaves according to the SDE:

dX (1) = X(t) - dox(t, X(8)) + (c(t) — B)dt — o,dZy(t) (3)

where dox (¢, X (t)) is the instantaneous return on assets held by the fund. The control vari-
ables in this system are the contribution rate c¢(t) and the asset allocation strategy p(t).

Given a loss function L(t, ¢, x), the value function of interest and the HJB equation are

given by:
V(t,z) =inf E, {/ e P L(s,c(s, X (s)), X (s))ds (4)
c,p t
1
0 = inf <e—ﬁtL(t, ¢,x) +Vi+ [(8o +p"\) +c— BV, + §me(l‘2 -p"Dp + a},’)) (5)
C7p

which yields the optimal decision rules:

c(t,x) = L, (e77'V,) (6)
pite = () o ")

It is noteworthy that this optimal solution is similar to the ones found in Merton (1969) and
Merton (1971), and that there is a parallel to results from modern portfolio theory whereby
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the portfolio of risky assets and the cash position mimic movement along the capital market
line. The paper goes on to solve the problem when a quadratic loss function of the form
L(t,c,x) = (¢ — ¢m)* + 2p(c — e)(x — ) + (k + p*)(z — 2,)? is assumed (the paper also
addresses solutions when power and exponential loss functions are used). The solution is
based on noticing that the objective function is Markovian and time-homogeneous lead to
value function of the form V(¢,z) = e P F(z), and then proceeding to solve the resulting
PDE for V' and subsequently ¢* and p*. It should be noted that the optimal control strategy
does not depend on the parameters of the benefit process, B and oy.

The paper then considers two additional variations on this problem: first, a cash con-
straint where a fixed proportion p,, is invested in risky assets and the rest invested in cash.
This represents a cash amount that must be held (by some regulatory requirement, perhaps)
to provide short-term liquidity and be used for immediate benefits payments. The only ad-
justment required to the solution method above is to add a Lagrangian term of the form
v(eTp — py) in the first minimization over (¢, p), where e = (1,...,1).

The second variation is to assume a static asset allocation strategy, i.e. p(t,x) = p. In
this case the HJB equation is applied but the minimization is done over contribution policies,
¢, only. The final result is given as a function of p and a standard optimization exercise yields
the optimal static allocation strategy.

Finally, the paper considers a generalization where a linear form is assumed for ¢(z) and
xp(z), ie. c(t,x) = co—cyz and p(t,x) = po/x + p1, as well as constraints and discontinuities
such as: the presence of a lower and upper barrier for fund size, limits on contribution rates
and restrictions on short-sale of assets.
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Optimal Dynamic Strategies with Risk Limits - Cuoco et al. (2008)

The focus in this paper is on determining optimal portfolio allocation subject to constraints
expressed in terms of risk limits in the form of value-at-risk (VaR) and tail conditional expec-
tation (TCE). The opportunity set consists of a riskless asset with return r and n risky assets
that follow an n-dimensional GBM with drift vector r1 + p and diffusion matrix o. Given a
portfolio-weight process, m, the portfolio value process, W™ satisfies:

t t
WF = Wy +/ W (r + wju) ds +/ Wrrl odw,
0 0
t 1 2 t
= Wpexp {/ <T T 3 W:U‘ > ds +/ W:de5:| (1)
0 0

It is assumed that the risk of the trading portfolio is continuously reevaluated, and that
the distribution of portfolio value at the chosen horizon is computed assuming that the current
portfolio composition is kept unchanged over the horizon. That is, given a portfolio m; and
the associated value W[, the future value at time ¢t + 7, Wi (W], ), assumes that 7 is
held constant between t and ¢ + 7. This reflects the current practice in financial institutions
where the future portfolio choices of traders are unknown over the VaR horizon. This gives
the related definition for VaR and TCE:

VaR}™ =inf{L > 0:P (W] — Weyr (W[, 1) > LIF) < a} = (QF") 7, (2)
where Q;"" =sup{L € R: P (W, (W[, m) — W[ < L|F) < a},
= = max[0, —z]

+
TCEaﬂr _ E |:Wt - Wt+T(Wt 7Wt)H{Wtﬂ_Wt+T(Wtﬂth)Z_Q?Jr} (3)
! (07
where 21T = max|0, x]
Assuming lognormally-distributed returns, VaR and TCE can be computed explicitly:
VaRt’ :Wtﬂ— 1—eXp T+7Tt ,Uz_i‘ﬂ't O" T—f—@ (a)‘ﬂ't O"\/’T— (4)
P (p-1 T +
ror = [1- oo (v 1) r) 2l ) .

The stochastic control problem is to maximize the utility of terminal wealth subject to
the constraint that portfolio VaR does not exceed a prespecified level VaR(W/[, t) > 0, i.e.

max E [u(WF)]

— +

VaR(W],t 1 2

s.t. log <1—av(v7rt’)> - <r+7rtT,u—2‘7rtT0} )T—q)_l(a)‘ﬂja‘ﬁgo (6)
¢
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where the constraint is equivalent to the constraint VaR;"™ < VaR(W[,t). Letting the
V(W,t) denote the value function, we can write the HJB equation as:

1 T 2 T
0 = max §VWW’W7r a‘ +VwW(r+n p)+V
VaR\" 1 2
— <log <1— I/(‘I/R> — <7“+7TTM—2’7TT0" )T—(Ifl(a)‘ﬂg—a‘ﬁ)] (7)

where 1 is a Lagrangian multiplier. Then the optimal portfolio is given by:

7 (Wot) = o(Wit) (o07) " (8)
where (W, t) = min {—M%, goi(W,t)} ,

[RIV/7 + () + \/ (IKIV7 + 21(a))? 2 <10g (1 - VeRgra )t )
AIVT

Note that the optimal portfolio for a VaR-constrained investpr is a combination of the riskless

and ¢ (W) =

asset and the growth-optimal portfolio (0o ")~!u, which is the portfolio that maximizes the
expected continuously compounded rate of return. The paper then gives explicit solutions
assuming CRRA utility and for various assumptions on the VaR constraint (constant VaR
limit: VaR(W,t) = B3; proportional VaR limit: VaR(W,t) = BW; VaR limit as a fixed pro-
portion of initial portfolio value plus any running gain: VaR(W,t) = (W — (1 — B)Wy)™).

The second problem is that of finding the optimal portfolio for a TCE-constrained investor:

max E [u(W7)]
s.t. TCEX™ < TCE(WT,t) (9)

Rather than solving this problem in isolation, a solution is found by mapping the dynamic
TCE risk limit to an equivalent VaR limit.
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Optimal Investment Decisions When Time-Horizon is Uncertain - Blanchet-Scalliet
et al. (2008)

This paper extends the investment decision results involving an investor with a exponen-
tially distributed time until death discussed in Merton (1971) to more general modeling of exit
time. This is to account for other factors that can affect exit time such as: market behavior,
changes in opportunity set, exogenous shocks to investor wealth and/or consumption. The
investor’s time-horizon, 7, is defined as the maximum length of time for which an investor
gives any weight their utility function. The presence of this uncertain time-horizon introduces
new uncertainty to the economy that not is necessarily independent of the market risk. To
separate the two sources of risk we condition on F; to isolate the pure timing uncertainty.
For this, define F;, = P(7 < t|F;). Note that 7 is not assumed to be a stopping time and
that observing asset prices up to date ¢ does not imply knowledge of whether or not 7 has
occurred by time ¢, i.e. there are times ¢ > 0 such that the event {¢ < 7} does not belong to F;.

Other than this conditional distribution function of timing uncertainty, many of the as-
sumptions are the same. The market consists of a riskless asset with return r and n risky

assets that follow a multidimensional GBM with drift vector p = (u*)"_; and instantaneous

n

covariance matrix o = (g% )ij=1- Given a portfolio strategy 7, the wealth process evolves

according to the SDE:
dXP™0 = X0 ds + 7y [(ps — 1rg)ds + odW,] (1)

and the investor’s objective is to maximize the expected utility of terminal wealth, which can
be expressed using the conditional distribution of the random time of exit:

V(z) =sup E[UXT)]

—sup E [ /0 b U(X,;;‘;)dFt] =sup E [ /0 " U(XTT)AF, + UXE)(1 - FT)} (2)

™

Assuming F} is a deterministic process with derivative f, the value function is given by:

V(t,z) = max E [/t U(XE™) f(s)ds + U(XET") (1 — F(T))} (3)

The associated HJB equation and optimal portfolio strategy are then given by:

0=f)U(x)+ <Vt + sup A(t, x,ﬂ)) subject to V(T,z) =U(z)(1 — F(T)) (4)
T = —U{lﬂtv—m, where 0; = ng(ut —1ry)
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where A(t, z,m) = [xry + m(pe — 1) Ve + 27207 Vg

Explicit solutions are derived for the case of logarithmic (U(z) = Inx) and power (U(z) = 2%/«)
utility functions. The solutions coincide with those of the fixed time-horizon case, regardless
of the distribution F' of time-horizon. This extends the result in Merton (1971) to general
distribution of time-horizon. The intuition for this result is based on the fact that CRRA
utility function and deterministic coefficients do not depend on the time-horizon.

The next result is for the same problem(s), but with an infinite time span. Here, the value
function and HJB equation are almost identical to the previous case except for different limits
of integration and boundary condition:

Vi) = sup [ | sy (5)

0= f(t)U(x)+ V; + sup A(t,z, ) subject to tlim V(t,x) =0 (6)

The final problem considered is when the density process is stochastically time-varying.
This allows for a possible correlation between the instantaneous probability of exit and risky
asset returns. For this, another Brownian motion is introduced, W7, which is correlated with
the Brownian motions driving asset returns with correlation og s = (0if)1<i<n. The density
function, f, is assumed to evolve according to the SDE:

dfs = f(a(s)ds + b(s)dW!) fo=y,0<s<T
= 1) =vew [ atwan) & @

where & = exp (/OS b(u)dW! —1/2 /0S b2(u)) du

Note that this formulation does not prevent F' from taking on values greater than 1.
However, this problem maybe neglected if the parameters are such that the probability of
getting forbidden values remains sufficiently small (similar to the Vasicek model that allows
for negative interest rates). Assuming constant parameters and CRRA preferences, the value
function (which now depends on ¢, z,y) is given by:

o0

v<o,x,y>:sgp1a[/mezm)fudu]:sng@ [y / exp<A<u>>U<X;fAT>du] (s)

where dQ = &rdP (note that is not an equivalent martingale measure). Solving for the optimal
portfolio in this setting requires us to notice:

o0

Vo) = | [ esatw)dn] s Bo | [ Uzl ©)
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where p(u) = (1/ f;° exp(A(s))ds) - exp(A(u)). Then, we can write:

V(0,z,y) =y [/000 exp(A(u))du] V0, 2) (10)

where V! given above is the solution associated with the density ¢ and wealth process dX7™" =
X" rgds + 75 [(us + 0505,50(5) — 15)ds + osdWQ], where W2 = W; + [} 05,sb(s)ds. This gives
explicit solutions for the optimal portfolio strategy for logarithmic utility:

___at¥ g a(T—t)
V(t,z,y) = —e . <a (e 1) +ln:n> (11)
. p—r+obog, .
T = [sz] X (12)

where C =1+ 3 ((u—r + obog f)?/o?).

And for the power utility case:

_ o y2® o [(_C N\ o (@ eror
V(t,z,y) = ol {<C+a>e +<C+a>e (13)
. p—1+0obog, X7
wt:_[ = f}a_tl (14)

where C =71 — 5 oZ(a=1)

1 ( (p—r+obog,f)? )
2
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Minimizing the Probability of Lifetime Ruin Under Borrowing Constraints -
Bayraktar and Young (2007a)

This paper deals with the concept of lifetime ruin, defined as an individual outliving their wealth,
and how the individual should invest in order to minimize the probability of this event occurring.
The allocation is done assuming constraints on borrowing - first, the case of no borrowing is consid-
ered followed by the case of limited borrowing. The borrowing constraints are introduced because
the investor exhibits some unrealistic behavior in the unconstrained case. In particular, the individ-
ual borrows more money at lower levels of wealth to invest as much as possible in the risky asset in
an effort to avoid ruin, which is not a reasonable strategy.

The setting for the problem is an investor whose consumption is assumed to be constant (c(w) =
¢) or proportional to wealth (c(w) = pw). The investor can invest in a two-asset market (riskless
asset with return r and risky asset with price process following a GBM with parameters p, o). When
the investor allocates o to the risky asset (the 0 subscript represents the no borrowing constraint),
their wealth follows the SDE:

dWy = [rWi + (u — r)mo s — c(Wy)] dt 4 omo ¢d By (1)

Note that the infinitesimal generator for a function h of this process and some control « is given
by: Loh(w) = [rw+ (p—r)a —c(w)] ' (w) + 302’ (w) — Ah(w). Additionally, the investor is
assumed to live up to an exponentially distributed time of death, 4.

Similar to Browne (1997), the wealth level ¢/r represents a “safe-point” at which the investor can
place all their wealth in the riskless asset and the probability of lifetime ruin is zero assuming constant
consumption. If we denote the first time that wealth a given level z by 7., and set T = 74 A 7./,
then the minimum probability of lifetime ruin is defined as ¥o(w) = i%f P(ry < 7|[Wy = w). The

HJB equation characterizing the function ¢y and the optimal control is:

L7y (w) = 0 for w € (0,¢/r)

subject to: 1o(0) = 1, ¢(w) =0 for w > ¢/r (2)
Note that in the proportional consumption case there is no safe-point and ruin occurs when wealth

reaches some level wy > 0 (and 79 is then the first hitting time for that level instead of 0). Thus the
boundary conditions become p(wp) = 1 and 1Lm Po(w) = 0.
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To solve for the required probability function and the optimal portfolio in the constrained case
(with either constant or proportional consumption), the authors start with the solutions to the corre-
sponding problems in the unconstrained case, ¥ (w) and 7*(w). Then they suppose that constrained
solutions are truncated versions of the unconstrained solutions. That is, they hypothesize that there
is a certain wealth level w;, where the riskless asset allocation is 0 below and positive above. The
two intervals (wy, ¢/r] and [0, w;] are considered separately under the hypotheses 7§ € [0,w) (some
riskless asset allocation) and 7§ = w (no riskless allocation), respectively. It is verified that the
optimal allocation coincides with the unconstrained case in the first interval and then is capped at w
when wealth is in the second interval to reflect the borrowing constraint. The minimum probability
function on the first interval is simply a multiple of its counterpart in the unconstrained case, solved
for using the Legendre transform: h(v) = ngn[ho(w) + wv]. In the second interval the probability

is found by solving the HJB equation assuming nj = w and boundary conditions ho(0) = 1 and

ZEEZS = —é (% — wl). The critical point w; is derived assuming the continuity of the allocation

decision with respect to wealth level.

The paper then turns to the case where the individual is allowed to borrow money at a rate
b > r. The individual allocates m,; to the risky asset with (W; — m, ;)4 in the riskless asset and
(mpt — Wi)4 borrowed. This gives the wealth equation:

dW; = [T(Wt — 7Tb,t)+ — b(ﬂb’t — Wt)+ + UTp e — C(Wt)] dt + U’/TbytdBt (3)

and the infinitesimal generator is D*h(w) = [bw + (1 — b)a — c(w)] B (w) + F02a®h" (w) — Ah(w).
The HJB equation for the optimal control and minimum probability function is of the same form as

the previous case:

D™ Wiy (w) = 0 for w € (0, ¢/r)
subject to: p(0) = 1,¢p(w) = 0 for w > ¢/r (4)

The next steps follow a process similar to the no borrowing problem, but with hypotheses in
three regions: borrowing in the region [0, wy), no riskless allocation in [wy, w;] and positive allocation
to the riskless asset in (wy, ¢/r]. The solutions follow the same general process as the previous case
(reduced HJB equation in the middle region and using the Legendre transform in the other two).
The optimal allocation coincides with the solution in the no borrowing case in the region [wy, c¢/7]
(truncated version of the unconstrained solution), and the minimum probability function is another
multiple of the unconstrained case on [w;, ¢/r] and the solution of reduced HJB equation elsewhere.
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Correspondence between Lifetime Minimum Wealth and Utility of Consumption
- Bayraktar and Young (2007b)

This paper considers two problems: the investment-consumption problem in the classical Mer-
ton problem where the investor decides on allocation and consumption strategies so that expected
discounted utility is maximized, and an investor facing an exogenous consumption level that min-
imizes some function of lifetime minimum wealth. The aim of the paper is to establish when the
two investors behave similarly, which turns out to be when the utility function is HARA (hyperbolic
absolute risk aversion).

The model assumed is as follows: an investor that lives up to a exponentially distributed time
of death 74 can invest in a two-asset market (riskless asset with return r and risky asset with price
process following a GBM with parameters p, ). When the investor allocates 7y to the risky asset
their wealth follows the SDE:

AW, = [TWt + (,U/ — r)7rt — C(Wt)] dt + omdBy (1)

A related process is the minimum wealth process:

M, = [ inf Wy, M, (2)

0<s<t }
Thus, lifetime minimum wealth is given by M., and the value function for an investor that minimizes
some function of this random variable is given by:

Vf(wa m) = igf E [f(MTd)] (3)

If f(m) = 1<y the value function represents the minimum probability of lifetime ruin with ruin
level b. The paper works with indicator functions of this form for the remainder of the paper and
note that the results can be extended to any nonincreasing, nonegative function using the monotone
convergence theorem (since these functions can be expressed as the pointwise limit of a sequence
of linear combinations involving indicator functions). For indicator functions of this form the value
function is given by:

1, if m <b;

V(w,m;b) = {¢(w;b) ifm>0b @

where ¥ (w;b) is the probability that wealth reaches the ruin level b before the individual dies.
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A verification lemma is derived for ¢ based on the HJB equation:
1
NG 8) = (r — cw)(ws )+ in (1 = 1) i) + Jo%n%0 (i) 6

with the boundary conditions ¥ (b;b) = 1,¢(w®;b) = 0, where w® = inf{w : c(w) = rw,w > 0}
represents the safe-point at which the investor can place all their wealth in the riskless asset and
avoid lifetime ruin (similar to Browne (1997)). The solution can be written as ¢(w;b) = h(w)/h(b)
where h solves

Ah(w) = (rw — c(w))h' (w) + min [(,u —r)mh!(w) + ;O’Qﬂ'QhH(w)] (6)

with boundary conditions h(0) =1, h(w) = 0 for w > w®. And the optimal portfolio is given as:

p—r W (w)
o2 W(w) @)

™ (w; b) = —

Using the monotone convergence theorem it can be shown that this portfolio is the optimal portfo-
lio for the general minimization problem stated in the outset of this section, that is: V/ (w,m) =

E [f(M7)]-

Next the paper equates the optimal investment strategies for the problem discussed above and
for the classical Merton problem. Recall that in the latter, the investor maximizes the expectation
of discounted utility, so that the value function and HJB equation are defined by:

Vi (w) = Slip E |:/07d ePSu(cs)ds} (8)
(o4 AV = v (V) 4 macule) — e (V)] mae [(n - (V) 4 o220 (9)

with the optimal investment and consumption strategy satisfying:

vy i (V) (w)
T (w) o (V¥ (w) (10)

u'(c"(w)) = (V") (w) (11)

It can be shown that when the optimal allocation strategies are equated and the minimizer
of lifetime ruin is assumed to follow the consumption dictated by the maximizer of utility, this
consumption strategy is a linear function of wealth with slope equal to the personal discount
rate p. In other words, the only case where the investors adopt the same strategy is when
consumption is a linear function of wealth and rates of consumption coincide.

Based on this fact, the next step taken is to solve for minimum probability of lifetime ruin
under the assumption of a piecewise linear consumption function. This calls for solving the
HJB equation involving the function unknown h given above, which in turn requires the use
of the Legendre transform of this function: h(y) = 5215)1 [ho(w) + wy]. This then enables us to
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solve for the optimal portfolio (which depends on the first and second derivatives of h).

Finally, the main result of this paper is given: in each of the tree cases p > r,p=1r,p <r,
when the optimal investment and consumption strategies in the two optimization problems
are equated, the implied utility function exhibits hyperbolic absolute risk aversion (HARA).
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Portfolio Choice with Stochastic Investment Opportunities: A User’s Guide - Liu
and Muhle-Karbe (2013)

This paper presents an overview of works that deal with the portfolio choice problem
for an investor that looks to maximize utility of terminal wealth when the model for asset
price dynamics departs from the usual constant-parameter GBM assumption. Preferences
are described by a power utility function with constant relative risk aversion, i.e. U(x) =
2177/(1 —~),v > 0,7 # 1. Also, the market consists of a riskfree asset with return r and a
risky asset which evolves according to the SDE:

ds
?t = (u(Y}) + 1) dt + o(Y,)dW,
t
dY; = b(Y;)dt + a(Y;)dW) (1)

Y; is a state variable which determines the instantaneous excess return and volatility by de-
terministic functions u,o. W; and W)Y are assumed to have a constant correlation p. This
specification allows for more flexibility in modeling asset dynamics.

The three main models considered in this paper are:

1. Black-Scholes model, or constant opportunity set (COS): expected excess return and
volatility are constant, u(y) = p, o(y) = o, and there is no state variable.

2. Heston-type model, or stochatic volatility (SV): expected excess return is assumed to be
a constant risk premium per unit variance and volatility is assumed to be time-varying
and mean-reverting:

ds
?t = (usY, 4 1) dt + /Y, dW,
t
dY, = \y (Y = Y,)dt + oy /Y dW) (2)

3. Kim and Omberg model, or predictable returns (PR): expected excess return is assumed
to follow a mean-reverting process and volatility is assumed to be constant:

d
% = (Y, +r)dt + odW,

t
dY, = A&y (Y — Y,)dt + oydW}” (3)

To solve for the optimal investment strategies under these models, the wealth process, value
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function, HJB equation and optimal allocation are given by:

dXT
X;:4r+mmn»ﬁ+wma@mm (4)
t
V(t,z,y) =sup E, [U(X7)]; V(T,z,y) =U(z) (5)
1 2,2 2 1 2
0="V; +sups Voar + Voyaxmu + ime 0% 4+ Vyyrmpoa + EVyya (6)
x 9 ) x tv 9
Loatay) = 2ty py)  Vetoy) paly) M)

733Vm(t,x,y) U(ZJ)Q B me(t,fL‘,y) U(y)

Using the optimal investment strategy, the HJB equation can be rewritten as:

1 V2 VoViy ppa 1 V2 1
T s i At U L 1 ®

Using the homethetic property of the power utility function U(z) = xz!U(1) allows us to
write the reduced value function v(t,y) = (1 — v)V (¢,1,y). Then the optimal strategy and
HJB equation can be rewritten as:

B pa vy

. pa vy 9
2
=1 ([ 1 ppa - pra’ vy 12
n= <Qa*”0”+(f%+ 3 ) T gt o

and the corresponding terminal condition becomes: v(T,y) = 1. Solutions for the three mod-
els involve applying the equations above on each model and solving the resulting ODEs.

The next section in the paper considers long-run asymptotics by replacing the maximiza-
tion of terminal utility with the maximization of long-run growth rate: liTrrl> iolgf +log UTHE[U(XT)]).
Solutions for this problem involve developing an ansatz for the value function based on the
limiting form of the ODEs in the original problem of terminal wealth maximization as the
time to horizon T — t tends to infinity. This gives sets of equations that can be solved to
obtain the strategies that maximize long-run growth rate.

The final section in the paper develops verification theorems for the solutions using tools
from convex duality.
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Portfolio Choice with Illiquid Assets - Ang et al. (2013)

This paper investigates the effect of illiquidity on the investment-consumption problem,
where illquidity is defined as the inability to freely trade an asset. The opportunity set con-
sists of a riskless asset with return r, and two risky assets whose price processes follow a
two-dimensional correlated GBM with drift parameters p and v, volatilities ¢ and v, and
correlation p. The investor can trade freely in the riskless asset and the first risky asset, but
the second risky asset can be only traded at stochastic times 7 which are model by a Poisson
process with intensity A\. The occurrences of the Poisson process represent randomly arriving
trading opportunities when the investor can trade in the illiquid asset. The parameter \ is
calibrated by noting that the expected time between trading opportunities implied by this
model is 1/A. Alternatively, this can be thought of as the typical rebalancing turnover of
the asset. The randomness of trading opportunities captures the non-marketability of certain
assets as well as the waiting time before a counterparty is found for certain transactions.

The model assumes a CRRA investor with an infinite time horizon, i.e. optimization
problem is given by:

max UOOO eﬁtU(Ct)dt] (1)

Ch

ol .
fy>1

where U(C) =< '™ o
log(C) ify=1

(2)

The evolution of liquid and illiquid wealth are modeled separately and are given by:

dW, dl,

th = ((r+ (u—1)0)) — ¢;) dt + 6,0dZ} — WZ (3)

dX dl

Tf = vdt 4 pdZ} 4 /1 — p*dZ? — Yt (4)
t t

where 6 is the fraction of liquid wealth allocated to the liquid risky asset, ¢; = C;/W; is the
proportion of liquid wealth used for consumption, and dI is the amount transfered from liquid
wealth to illiquid wealth when a trading opportunity arrives. So, the decision variables in this
problem are @, I, ¢ and the value function is given by:

F(W,, X;) = max E, U e PEIU(C,)ds (5)
»4,C t
By the homotheticity of the utility function, the value function can be written as:

FW,X)=W!'"g <%) , where g(z) = F(1,z) (6)
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Furthermore, when a trading opportunity arrives the value function may discretely jump to
a value F™*, so that the jump size is ' x —F" as the investor can rebalance the entirety of their
portfolio. This can be written as:

F*(Wt7Xt) = max F(Wt—I,Xt+I) (7)

Ie[—X¢,Wy)

Since F* is also homothetic, there exists a function ¢g* such that F* = W!=7g* (%) It is
then argued, under the assumption of costless rebalancing, that we can rewrite the new value
function as:

X\
F*(Wt>Xt) = Gth_v (1 + Wt) (8)
t

where G is a constant. The solution for the optimal decision variables is split into several
parts (before the first rebalancing time, between subsequent rebalancing times, at rebalancing
times). Assuming the investor begins with no allocation to the illiquid asset, the optimization
problem is given by:

T 1
max Eq {/ e P ——C/7dt + e TR (W, Xf)l 9)
b, 0 I—x

The corresponding HJB equation in this case is:

(W) + By W (r + (1= 1)0) = o

1
0= n(1:7a0x {—ﬁF + 1
1
+ AF* — F) + §FWWW29202} (10)

Since X = 0, we have F* = GW'™7 (1 + %)1_7 = GW'7, and a verification argument gives
the solution F' = KoW'™7, where K is a function of G and the model parameters.

The general HJB equation for the value function between rebalancing times is:

1
O—H;%X —ﬁF—I—l

(W7 + By W (r + (u—1)0) — ¢

1
+FXXV—|—)\(F*—F)+5FwwW2620'2+FWXWXwO'p9 (11)

Substituting F(W, X) = W' g (

rewrite this as:

) Fr=GW'7 (1+ %)177 and letting z = & we can

X
w w

+aa) (<8 = A+ (1= 2){r + (1= 1) = ) = (1 =)o)
+¢'(@)z (v = (r+ (n—r)0) = ¢) = YWbpo +6%0°)

+ ¢ (x)z? <;0‘292 + %Lb? - wé?pa)] (12)
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Finally, when a trading opportunity arrives, the investor chooses I, such that i(v—: =a*. At
x* we impose the value matching and smooth pasting conditions F(W,z*W) = F*(W, z*W)
and Fy (W, x*W) = Fx(W,z*W). These conditions can be re-written as:

g9(x") =G +2")™ (13)
g()=Gl—y)d+z)" (14)

These equations allows to solve for the investor’s value function numerically, which in turn
gives us the optimal portfolio before the first rebalancing opportunity:
p—r Fwy

pr =2 "W 1
O’2 FWV[/W <5>

and between subsequent rebalancing opportunities:

g KT Tw Vvp FxwX

_F 16
0'2 FWWW O'FWWw ( )
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Dusenberry’s Ratcheting of Consumption: Optimal Dynamic Consumption and
Investment Given Intolerance for any Decline in Standard of Living - Dybvig
(1995)

This paper extends the Merton problem by imposing constraints on the optimal consump-
tion policy. In particular, optimal consumption is forced to be a non-decreasing process so
as to reflect what is referred to as ratcheting of consumption. This can also be viewed as an
extreme version of habit formation in that consumption may remain constant for some time,
but once the individual reaches a new level of consumption they grow accustomed to it and
refuse to revert back to lower levels of consumption. An alternative interpretation to that
of intolerance towards standard-of-living declines is to interpret this consumption pattern as
pre-commitment to long-term expenditure.

Assume an infinitely-lived investor with utility function u and time-preference parameter
0 is faced with a riskless asset with return rate r and a risky asset whose value is modeled with
a GBM with parameters p and o. Starting with some endowment Wy, they wish to choose
optimal asset allocation and consumption decisions, subject to a starting consumption level
Co— > 0 and the constraint that their consumption never falls. The main stochastic control
problem in this paper can then be formulated as follows:

max E [/ e‘“u(ct)dt}
at,Ct 0

subject to:  ¢g > Co_ and ¢; > ¢, Vt > s (1)
wy > 0 and satisfies dw; = wyrdt + o, (pdt + odZ, — rdt) — c,dt

where o4 is the investor’s allocation to the risky asset and wy is the the investor’s wealth level
at time t. Note that the problem is time-independent with ¢, and w; as state variables. Fur-
thermore, the utility function is assumed to be of the family of constant relative risk aversion
(CRRA) utility functions, which are scale independent, which reduces the dimensionality of
the state space to a single state variable w/c_. So u(c) = ¢ %/(1 — R) for R > 0,R # 1 or
u(c) = log(R) for R =1, where R is the risk aversion parameter.

The solution is divided into several parts. The first step is to determine the feasibility
region in which the optimization problem is guaranteed to be feasible. Based on the pricing
of the consumption stream (with the properties described in the constraints of the control
problem), it is shown that the problem is feasible if and only if Wy > Cy_/r and r > 0. This
is not dissimilar from the analysis of the “danger zone” and “safe region” presented in Browne
(1997). The intuition for this is to find the level of wealth needed to purchase a perpetual
bond that can pay for future lifetime consumption. In this context, although increases in
consumption are allowed they are also voluntary, and feasibility can be guaranteed by not
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increasing the level of consumption when reaching this critical level of wealth. In short, if
Co_/r > W, the investor cannot generate the interest flow required to maintain consumption
at its previous level.

The next part of the solution involves segmenting the feasible region into two subregions:
Co_/r* > Wy and Cy_ /r* < Wy, where r* is the critical value which is the boundary of the
region where consumption is maintained at its previous level. This critical value is given by

. IR T ey _ ,
B—R"  where 0 < R* = () dAre—(Or) < land k = =1 Note that this adds

R 2r 202
the additional feasibility condition R > R* to ensure that this critical value is positive. In

r*=r

the region Cy_ /r* > W}, consumption is maintained at its previous level and is not a decision
variable in the HJB equation:

e

0 = max {u(c) — oV 4+ (wr+alp—r)—c)Vy + %waa%Z} (2)

Using the first order condition for optimal o and substituting this back into th HJB
equation yields the PDE:

(V)
wa

0=u(c) =0V + (wr —c)Vy — Kk (3)
The boundary conditions associated with this PDE are given by the value function at w = c¢_ /r
computed to be u(c)/§ along with the smooth-pasting conditions to ensure the continuity of
the partial derviatives of the value functions at the other boundary w = ¢_/r*. In the region
where Cy_/r* < Wy it is argued that the optimal strategy is to immediately increase con-
sumption to 7*w. Then the value function in this region satisfies V(w,c_) = V(w, r*w).

Overall, the optimal consumption and asset allocation policies are given by:

w—r
oy = W(w —c/r) (4)
1 w—r
¢t =maxqco_,kysupexp| = |(r—0+k)s+—27, (5)
0<s<t R o
r*Wy when r*Wy > ¢o_
where k; = X R*/R (6)
Co— (1 + RR* <% — 1)) otherwise

The optimal solution involves a trade-off between achieving a smooth consumption pattern
and profiting from market participation. It involves allocating a fixed amount to the riskless
asset and a fixed proportion of wealth above the safe level to the risky asset. This is closely
related to the constant proportion portfolio insurance problem of Black and Perold (1992)
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and the survival and growth problems of Browne (1997). Note, however, that this proportion
depends on market parameters and the impatience parameter, but not the risk aversion level.

Finally, this paper also considers several generalizations and extensions, namely:

e replacing the non-decreasing wealth constraint with a constraint that wealth cannot fall
faster than a given rate;

e allowing for two different consumption goods of which one is constrained in the manner
described above and the other is not

e introducing an upper bound on the risky stock allocation.
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Minimizing the Probability of Ruin when Consumption is Ratcheted - Bayraktar
and Young (2008)

This paper is related to Dybvig (1995) in that it deals with consumption patterns where
consumption does not decrease (i.e. consumption is ratcheted). The two main differences is
that this paper takes ratcheted consumption to be an exogenous process rather than a deci-
sion variable, and the region of interest is the “danger zone” which is the complement of the
feasibility region described in Dybvig (1995). The reason for this is that they are interested
in minimizing the probability of ruin, which is valid only when wealth is in the “danger zone”
and there is a positive probability of ruin.

The opportunity set includes a riskless asset with return r» and a GBM-driven risky
asset with parameters p and o. The way the consumption process is modeled is to de-
fine it to be a function of maximum wealth. That is, given maximum wealth at time t,

M; = max {sup W, Mo], the rate of consumption is assumed to be a positive, increasing
0<s<t

function of maximum wealth, ¢ = ¢(M;). Thus, wealth dynamics are given by:
th = [T’Wt + (,U — 7“)71} — C(Mt)] dt + UﬂtdBt (1)

where W, is the investor’s wealth at time ¢, m; is the risky asset allocation. Furthermore, the
investor is assumed to have a random time of death, 7;, which is exponentially distributed
with parameter A. If time to ruin is denoted by 7y, i.e. the first time that wealth equals 0,
then minimum probability that the investor goes bankrupt before dying is given by:

Y(w,m) =inf P 1y < 74|Wy = w, My = m] = inf B, [6_)\1 (2)

From this we can derive the HJB equation, which will be of the form:

0= (rw+ (u—r)a—-cim)) i, + %O’QOJwaw — A\ (3)

along with the boundary conditions 1)(w, m) = 0 if w > ¢(m)/r (safe region) and ¥ (w, m) = 1
if w < 0 (bankruptcy).

The main verification theorem is then used to solve of the minimum probability of ruin
¢ in different subregions: w < ¢(m)/r < m and m < ¢(m)/r. The second of the two
regions corresponds to the region where it is optimal to allow the maximum wealth M, and
subsequently the level of consumption henceforth, to increase. In the first region the optimal
risky allocation is given by:

p—r 1 c(MT)
— . —Wr 4
ﬂt o2 -1 ( r ! )
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where v = 5 [(7‘+)\+5)+\/(7’+)\~|—5)2—4r)\} > 1 and 0 =
probability of ruin is then given by:

stwm) = (1- 72 5)

c(m

% (%)2 The minimum

Notice that as wealth increases to the safe level ¢(m)/r, the allocation to the risk asset tends
to 0, reflecting the decrease in the amount of risk that the investor needs to take in order to
remain solvent. Furthermore, the probability of ruin increases with increased consumption
and decreased wealth of riskless asset rate of return.

The solution to the problem in the second region is obtained by solving a related optimal
controlled-stopper problem. However, the form of the solution is involved and is not mentioned
here for brevity.
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Shortfall Aversion - Guasoni et al. (2014)

Another attempt at incorporating habit formation is found in Guasoni et al. (2014). The
main difference between this formulation and the one found in Dybvig (1995) is that the latter
enforces a strict constraint on the optimal consumption process by not allowing it to decrease
at any point in time. In this approach, this constraint is relaxed, but the distaste for declines
in standard of living is not ignored. Instead it is modeled by assuming an asymmetric effect
on utility due to increases versus decreases in consumption. That is, the utility function is
adjusted to reflect that there is a greater level of disappointment attributable to spending
cuts than pleasure gained by a similar increase in spending (relative to peak past spending).
This allows the agent to decrease their consumption at any point in time if necessary, but
this is penalized by a loss in overall utility.

Faced with a two-asset investment opportunity set (risky and riskless), the stochastic
control problem is formulated as follows:

max E {/OOO Mdt] (1)

¢, 1—7

Here, the utility function is a modification of the constant relative risk aversion family of
utility functions. It depends on current spending ¢, as well as a target level of spending

hy, which is taken to be the maximum past spending level: h; = max [l_l, sup cs,]. The
0<s<t

parameter v > 1 represents the usual risk aversion parameter, while 0 < o < 1 is a new
preference parameter that is associated with the level of shortfall aversion. The marginal
utility of spending is higher for a cut in spending than an increase in spending and the ratio
of these two at the target level is 1 — a.. The utility function can be written as follows:

(ch_a)17V

~——— ¢<h

Uleh) =4 oo 7 )
E=—— c>h

1—y

Another interpretation is that the risk aversion associated with a decrease in spending at h is
v, while the risk aversion associated an increase in spending above h is a a-weighted average
of 1 and 7: v* = a+ (1 — @)y < 7. When there is no shortfall aversion, i.e. a = 0, the
solution is the one given in Merton (1969) for an investor with an infinite horizon and CRRA
preferences where consumption and risky asset allocation are fixed proportions of wealth.

The full solution is not given here for brevity, but the process involves identifying two
critical points: the “gloom” and “bliss” wealth-to-target ratios g and b. These are the points
above which and below which spending cuts are necessary or spending should increase. The
optimal solution is then stated in the three regions defined by these two points:
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e Optimal risky allocation is equal to the Merton weight when the wealth-to-target ratio
is below the gloom point. As wealth increases, the allocation to the risky asset also
increases;

e Optimal consumption is equal to the target level when the wealth-to-target ratio is
between the two critical points, and is proportional to wealth in each of the two other
regions with weights 1/b and 1/g for the good and bad regions, respectively. Note that
the quantity 1/g is equal to the proportion of wealth that gives optimal consumption
in the Merton solution.

A few interesting properties to note include:

The gloom point does not depend on shortfall aversion «;

e The bliss point increases as shortfall aversion « increases;

The gloom point is a fraction of the bliss point that depends mostly on the risk aversion
~ and shortfall aversion «, but not very much on the market parameters;

when a = 0, the bliss and gloom points coincide and the problem becomes the original
Merton problem; when o = 1, the bliss point is infinity and the optimal solution involves
no increases in consumption since the shortfall aversion level is extremely high.
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Role of Index Bonds in an Optimal Dynamic Asset Allocation Model with Real
Subsistence Consumption - Gong and Li (2006)

This paper investigates the role of real return bonds in the investment-consumption prob-
lem when it is included in the investment opportunity set while enforcing a lower bound on
real consumption. In this context, the usual riskless asset (the nominal bond) becomes a risky
asset as it is exposed to inflation risk and the new riskless asset (an index, or real return,
bond) is available to the investor alongside the risky asset. The constraint on real consump-
tion represents a form of habit formation in terms of real spending or pre-commitment.

The economy in this paper consists of a stochastic inflation rate, a stock, a nominal bond
and a real return bond whose dynamics satisfy:

dPp,
— =7 dt + o, dW, (1)
P,
ds
?t = ps dt +og dW, (2)
t
dBN
= (ry — ) dt — o AW, (3)
B;
dBE
B—t}; =TR dt (4)

where ry and rg are the nominal and real rates of interest, respectively, and W; is a two
dimensional Brownian motion which allows for inflation to be correlated with stock returns.

The optimal control problem is given by:

c,w

max [E { /0 h e_ptu(c(t))dt}

subject to: (1) dX; = [wi(t)(us — rr) + wa(t)(ry — 7 — 7R) (5)
+ Xirg — c(t)]dt + [wi(t)os — wa(t)o,] AW,
(2) c(t) = ¢

where X denotes wealth level, wq, wy is the wealth invested in the stock and nominal bond,
respectively, ¢ denotes real consumption, and ¢ is the lower bound on real consumption. Then
the value function, H(x), satisfies the HIB equation:

sup { [wi(pus —rR) + wo(ry —m —1R) + 2R — ] H,

c,w

1
Fu(e) + glluros — wao,|PH,, b = (6)
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The utility function is assumed to be one of the CRRA family. In a manner similar to Dybvig
(1995), the next steps involve finding two critical points: & = % which is the boundary of the
feasible region where the value function is equal to H(z) = @, and 2 which is the solution
to H,(Z) = u.(¢) which is the boundary of the region where optimal consumption according

to the first order condition is below the minimum permissible consumption level.

The remainder of the paper involves solving for the value function by solving two PDEs:

=ty -

IN

T <

v

z

where H, is the solution to HJB equation after substituting in the first order conditions,

and H, is the solution to the HJB equation after substituting the optimal asset allocation

given by the FOC, but forcing the consumption to be the minimum level ¢ along with the
u(c

boundary condition H(¢/rg) = 7). Additionally, H,(Z) = u.(¢) is used in the solution as a

smooth-pasting condition.

The results show that the optimal asset allocation strategy is once again of the class of
portfolio insurance strategies. In general the optimal policy is to consume at the minimum
allowed level and maintain a low level of risk at lower wealth levels, and to increase risk
and consumption at higher wealth levels. Since both the stock and the nominal bond are
considered risky assets in this framework, the allocation to these assets increases with wealth,
while the allocation to the index bonds drops with wealth.
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Portfolio Selection with Subsistence Consumption Constraints and CARA Utility
- Shim and Shin (2014)

Similar to Gong and Li (2006), this paper addresses the investment-consumption problem
in the presence of a constraint on consumption level. Unlike Gong and Li (2006), however,
inflation is not incorporated in the framework. The agent faces two assets, (riskless with
rate of return r and risky following GBM dynamics with parameters p and o), and must
determine optimal allocation and consumption policies so as to maximize their utility while
ensuring that their consumption does not drop below a certain level:

max E [/ eﬁtu(ct)dt}
c,w 0

subject to: (1) dX; = [rXy + m(p — 1) — ¢] dt + omd By
(2) Ct Z R

where X; denotes wealth at time ¢, m; denotes the allocation to the risky asset and R is
the minimum consumption level which defines the subsistence consumption constraint. The
utility function is assumed to be of CARA family, i.e. u(c) = —e;i. So the HJB equation is
given by:

e ¢

sup |[rx+7(p—r)—V'(z)+ 1027T2V”(x) — BV (z) —

=0 1
u 5 S (1)

Like Gong and Li (2006), the initial endowment is assumed to be in the feasible region,
ie. Xo = > R/r, and there is a critical point £ > R/r, which satisfies V'(z) = u/(R) =
e~ 7® at which the consumption constraint becomes binding. Based on the FOC the optimal
consumption and allocation policies are given by:

. R, if Rir<zx<z
S (2)
_log(V'@)  if g > 7
’Y ) -
o V"(x)

These quantities are substituted back into the HJB equation to obtain 2 different PDEs in
the two regions with boundary and smooth pasting conditions given by the quantities z and
R/r, from which the eventual solution is obtained.

49



Ang, A., D. Papanikolaou, and M. M. Westereld (2013). Portfolio choice with illiquid assets.
Technical report.

Bayraktar, E. and V. R. Young (2007a). Correspondence between lifetime minimum wealth
and utility of consumption. Finance and Stochastics 11(2), 196-221.

Bayraktar, E. and V. R. Young (2007b). Minimizing the probability of lifetime ruin under
borrowing constraints. Insurance: Mathematics and Economicss 41(2), 213-236.

Bayraktar, E. and V. R. Young (2008). Minimizing the probability of ruin when consumption
is ratcheted. North American Actuarial Journal 12(4), 428-442.

Black, F. and A. F. Perold (1992). Theory of constant proportion portfolio insurance. J.
Economic Dynamics and Control 16, 403-426.

Blanchet-Scalliet, C., N. E. Karoui, M. Jeanblanc, and L. Materllini (2008). Optimal invest-
ment decisions when time-horizon is uncertain. Journal of Mathematical Economics 44 (11),
1100-1113.

Bodie, Z., R. Merton, and W. Samuelson (1992). Labor supply flexibility and portfolio choice
in a life cycle model. J. Economic Dynamics and Control 16, 427-449.

Browne, S. (1997). Survival and growth with a liability: Optimal portfolio strategies in
continuous time. Mathematics of Operations Research 22(2), 468-493.

Cairns, A. (2000). Some notes on the dynamics and optimal control of stochastic pension
fund models in continuous time. ASTIN Bulletin 30(1), 19-55.

Cuoco, D., H. He, and S. Isaenko (2008). Optimal dynamic trading strategies with risk limits.
Oper. Res. 56(2), 358-368.

Davis, M. and A. Norman (1990). Portfolio selection with transaction costs. Mathematics of
Operations Research 15(4), 676-713.

Dybvig, P. H. (1995). Dusenberry’s ratcheting of consumption: optimal dynamic consumption
and investment given intolerance for any decline in standard of living. The Review of
Economic Studies 62(2), 287-313.

Gong, N. and T. Li (2006). Role of index bonds in an optimal dynamic asset allocation model
with real subsistence consumption. Applied mathematics and computation 174 (1), 710-731.

Guasoni, P.; G. Huberman, and D. Ren (2014). Shortfall aversion. Columbia Law and Eco-
nomics Working Paper (483).

Liu, R. and J. Muhle-Karbe (2013). Portfolio choice with stochastic investment opportunities:
a user’s guide. Technical report.

20



Magill, M. and G. Constantinides (1976). Portfolio selection with transaction costs. J. Eco-
nomic Theory 13, 245-263.

Merton, R. (1969). Lifetime portfolio selection under uncertainty: The continuous-time case.
Review of Economics and Statistics LI, 247-257.

Merton, R. (1971). Optimal consumption and portfolio rules in a continuous-time model. J.
Economic Theory 3, 373-413.

Shim, G. and Y. H. Shin (2014). Portfolio selection with subsistence consumption constraints
and cara utility. Mathematical Problems in Engineering 2014.

51



